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1. Introduction
In this article we consider the following equation:∑
|α|=1,2
(−1)|α|Dα Aα(x,∇2u) = f in Ω (1)
where Ω is a bounded open set of Rn , n > 2, f ∈ Lt˜(Ω) with some t˜ > 1, depending on the structure parameters of the
equation, ∇2u = {Dαu: |α| = 1,2}.
We suppose that the coeﬃcients Aα satisfy the following degenerate nonstandard growth condition
∑
|α|=1
[
να(x)
]− 1qα(x)−1 ∣∣Aα(x, ξ)∣∣ qα(x)qα(x)−1 + ∑
|α|=2
[
μα(x)
]− 1pα(x)−1 ∣∣Aα(x, ξ)∣∣ pα(x)pα(x)−1
 c1
{ ∑
|α|=1
να(x)|ξα |qα(x) +
∑
|α|=2
μα(x)|ξα |pα(x)
}
. (2)
Moreover, we assume that for almost every x ∈ Ω and every ξ = {ξα: |α| = 1,2}
∑
|α|=1,2
Aα(x, ξ)ξα  c2
{ ∑
|α|=1
να(x)|ξα |qα(x) +
∑
|α|=2
μα(x)|ξα |pα(x)
}
, (3)
where c1, c2 are positive constants, να(x), μα(x) are positive weighted functions and pα(x), qα(x) are variable exponents
with properties speciﬁed later.
In recent years there has been a growing interest in nonlinear equations with nonstandard growth. For the advances see
the overview papers [9,16,20,22]. In [1,2], Acerbi and Mingione proved regularity of minimizers for a class of functionals with
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in the stationary case. In 1997, A. Alkhutov [4] proved regularity results of solutions of nonlinear elliptic equations with a
nonstandard growth condition. In [11], Fan and Zhao considered a class of De Giorgi type and proved the Holder continuity
of elements in that class. As application, they shown the Holder continuity of minimizers of variational functionals and of
solutions of quasilinear equations. In [15] partial C1,α regularity for functionals of higher order with p(x) growth is proved.
For more regularity results for variable exponent problems see for instance [8,10,12].
Following Moser’s iteration technique, we shall prove boundedness of solutions of Eq. (1). Equations of this kind, with
analogous condition on the coeﬃcients were considered in [5,6,18,21,26] for constant exponents case, in [7] for variable
exponents case.
The paper is organized as follows. In Section 2 we deﬁne the spaces. In Section 3 we establish some auxiliary results. In
Section 4 we state and prove our main result.
2. Functional spaces and preliminary hypotheses
Let n ∈ N, n > 2, and let Ω be an open bounded set of Rn. Let pα(x), |α| = 1 and qα(x), |α| = 2, be measurable functions
from Rn to (1,∞) that we shall call variable exponents. We denote
q+α = sup
x∈Ω
qα(x), q
−
α = infx∈Ω qα(x), q
− = min|α|=1q
−
α , q
+ = max|α|=1q
−
α .
Analogously we deﬁne p+α , p−α , p− , p+. In the sequel we shall suppose that 1 < q− , p− and qα , pα < ∞, ∀|α| = 1,2.
Let, for every multi-index α, |α| = 1, να be a positive measurable functions in Ω such that
να ∈ L1loc(Ω),
(
1
να
) 1
qα(x)−1 ∈ L1loc(Ω).
For more details about weighted functions να , cf. [13,14,18,21]. Weighted functions in variable exponent case were consid-
ered also in [17,23–25].
We set ν = {να: |α| = 1}, q(x) = {qα(x): |α| = 1}, and denote by W 1,q(x)(ν,Ω) the function space of all real-valued
function u ∈ Lq− (Ω) such that their derivatives Dαu, in the sense of distributions in Ω , satisfy
ν
1
qα(x)
α D
αu ∈ Lqα(x)(Ω) ∀α, |α| = 1,
where the variable exponent Lebesgue space Lqα(x)(Ω) is deﬁne as the set of all measurable functions u deﬁned on Ω such
that the qα(·)-modular
ρqα(·)(u) =
∫
Ω
∣∣u(x)∣∣qα(x) dx
is ﬁnite. W 1,q(x)(ν,Ω) is a Banach space with the norm
‖u‖1,q(x),ν =
(∫
Ω
|u|q− dx
) 1
q− +
∑
|α|=1
∥∥ν 1qαα Dαu∥∥qα(x),
where ‖v‖qα (x) = inf{λ > 0:
∫
Ω
| v(x)
λ
|qα(x) dx 1}. Let us deﬁne W˚ 1,q(x)(ν,Ω) as the closure of C∞0 (Ω) in W 1,q(x)(ν,Ω).
Let, for every multi-index α, |α| = 2, μα be a positive functions in Ω , such that
μα ∈ L1loc(Ω),
(
1
μα
) 1
pα(x)−1 ∈ L1loc(Ω).
We set
p(x) = {pα(x): |α| = 2}, μ = {μα: |α| = 2}.
We denote by W 1,q(x)2,p(x)(ν,μ,Ω) the function space of all real-valued functions u ∈ W 1,q(x)(ν,Ω) such that their derivatives
Dαu, in the sense of distributions in Ω , satisfy
μ
1
pα(x)
α D
αu ∈ Lpα(x)(Ω) ∀α, |α| = 2.
W 1,q(x)2,p(x)(ν,μ,Ω) is a Banach space with the norm
‖u‖ = ‖u‖1,q(x),ν +
∑
|α|=2
∥∥μ 1pα(x)α Dαu∥∥pα(x).
We denote by W˚ 1,q(x)(ν,μ,Ω) the closure in W 1,q(x)(ν,μ,Ω) of the set C∞(Ω).2,p(x) 2,p(x) 0
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1 < qα(x) < n ∀α, |α| = 1, 1
p+β+γ
>
1
q−β
+ 1
q−γ
∀β,γ , |β| = 1, |γ | = 1. (4)
Hypothesis 2.1. There exist numbers q˜ > q+ and c˜ > 0 such that for every u ∈ W˚ 1,q(x)(ν,Ω)
(∫
Ω
|u|q˜ dx
) 1
q˜
 c˜
∑
|α|=1
(∫
Ω
να
∣∣Dαu∣∣q−α dx
) 1
q−α
.
About Hypothesis 2.1 see Proposition 9.1 in [19].
Hypothesis 2.2. There exists c > 0 such that for all multi-indexes β , |β| = 1 and γ , |γ | = 1,
μ
1
pβ+γ (x)
β+γ  cν
1
qβ (x)
β ν
1
qγ (x)
γ in Ω.
Assumption similar to (4), Hypotheses 2.1 and 2.2 were used also in [5,6,18] in which problem with constant exponent
was considered.
From Example 2 in [5], substituting q with q(x), pα with pα(x), Ω with {x: |x| < 1} and assuming 0 < σα < (p−α − 1)n,
0 < λα < q− and λα  q
−
2 min|χ |=2
σχ
p+χ
, we get an example of weight functions fulﬁlling Hypothesis 2.2.
3. Auxiliary results
Let h ∈ C∞(R) be a nondecreasing function, such that h = 0 on ] − ∞,0] and h = 1 on [1,+∞[.
We set
c˜1 = max
R
∣∣h′∣∣, c˜2 = 2max
R
∣∣h′∣∣+max
R
∣∣h′′∣∣.
Let for every s ∈ N, hs : R → R be the function such that
hs(η) = η + (s + 1− η)h(η − s) − (s + 1+ η)h(−η − s), η ∈ R.
We have {hs} ⊆ C∞(R), and for every s ∈ N the following properties hold:
hs(η) = η if |η| s,
hs(η) = −s − 1 if η−s − 1,
hs(η) = s + 1 if η s + 1.
Moreover, for every s ∈ N and η ∈ R we have
∣∣hs(η)∣∣ 2|η|, (5)
0 h′s(η) c˜1, (6)
η
∣∣h′s(η)∣∣ 2c˜1∣∣hs(η)∣∣, (7)∣∣h′′s (η)∣∣ c˜2, (8)
|η|∣∣h′′s (η)∣∣ 2c˜2∣∣hs(η)∣∣. (9)
Using properties (6), (7), (9), condition (4) and Hypothesis 2.2 we obtain the following result.
Lemma 3.1. Let Hypothesis 2.2 be satisﬁed. Let u ∈ W˚ 1,q(x)2,p(x)(ν,μ,Ω), s ∈ N, r > 0. Let
ϕ = u[1+ h2s (u)]r,
ψ = [1+ h2s (u)]r + 2r[1+ h2s (u)]r−1hs(u)h′s(u)u,
then ϕ ∈ W˚ 1,q(x)2,p(x)(ν,μ,Ω) and the next assertions hold:
1. For every multi-index α, |α| = 1, Dαϕ = ψDαu a.e. in Ω .
2. For every multi-index β , |β| = 1, and γ , |γ | = 1, |Dβ+γ ϕ − ψDβ+γ u| = 6c˜2(r + 1)2[1+ h2s (u)]r |Dβu||Dγ u| a.e. in Ω.
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Using (5)–(7) and Lemma 3.1, we get
Lemma 3.2. Let Hypothesis 2.1 be satisﬁed, let m1,m2 > 0, t >
q˜
q˜−q+ , let Φ
q−
q−−1
1 , Φ2, να ∈ Lt(Ω), ∀|α| = 1, and let u ∈
W˚ 1,q(x)(ν,Ω). Let for every s ∈ N and r > 0
∫
Ω
{ ∑
|α|=1
να
∣∣Dαu∣∣qα(x)
}[
1+ h2s (u)
]r
dxm1(1+ r)m2
∫
Ω
{|u|Φ1 + Φ2}[1+ h2s (u)]r dx, (10)
then
ess sup
Ω
|u| M0, (11)
where the positive constant M0 depends only on n, c˜, c˜1 , q+ , q−α , q˜, t, m1 , m2, ‖Φ1‖ tq−
q−−1
, ‖Φ2‖t , meas Ω , ‖u‖Lq˜(Ω) .
Proof. We set
ω = 1+ |Ω|, t′ = t
t − 1 , θ =
q˜
t′q+
.
∀s ∈ N, r > 0, let
Ts(r) = 1+ 2−rt′
∫
Ω
|u|q+t′[1+ h2s (u)]rt′ dx. (12)
Let us ﬁx r > 12t′ (q˜ − q+t′), and let us deﬁne
ρ = 1
q˜
[
rt′ − 1
2
(
q˜ − q+t′)
]
.
We get
ρ > 0, ρq+ < r, rt′ = ρq˜ + 1
2
(
q˜ − q+t′), ρq+ = r
θ
− 1
2
(
q+ − q
+
θ
)
. (13)
Using (12), (13) and (5), since hs(η) = η if |η| s, we obtain
Ts(r) = 1+ 2−rt′
∫
{|u|1}
|u|q+t′[1+ h2s (u)]rt′ dx+ 2−rt′
∫
{|u|>1}
|u|q+t′[1+ h2s (u)] 12 (q˜−q+t′)[1+ h2s (u)]ρq˜ dx
ω + 2−rt′
∫
{|u|>1}
(
8|u|2) 12 (q˜−q+t′)|u|q+t′[1+ h2s (u)]ρq˜ dx
ω + 2q˜(1−ρ)
∫
Ω
|u|q˜[1+ h2s (u)]ρq˜ dx. (14)
Setting
v = u[1+ h2s (u)]ρ,
from (14) we get
Ts(r)ω + 2(1−ρ)q˜
∫
Ω
|v|q˜ dx.
Since u ∈ W˚ 1,q(x)(ν,Ω), due to Lemma 3.1, it follows v ∈ W˚ 1,q(x)(ν,Ω) ⊆ W˚ 1,q− (ν,Ω) and ∀α, |α| = 1, using (6) and (7)
we have∣∣Dαv∣∣ (1+ 4c˜1ρ)∣∣Dαu∣∣[1+ h2s (u)]ρ a.e. in Ω. (15)
Using (15) and (10), we obtain
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Ω
να
∣∣Dαv∣∣q−α dx (1+ 4c˜1ρ)q−α
∫
Ω
να
∣∣Dαu∣∣q−α [1+ h2s (u)]ρq−α dx
 (1+ 4c˜1ρ)q−α
∫
Ω
να
[
1+ h2s (u)
]ρq−α dx+ (1+ 4c˜1ρ)q−α
∫
Ω
να
∣∣Dαu∣∣qα(x)[1+ h2s (u)]ρq−α dx
 (1+ 4c˜1ρ)q−αm1
(
1+ ρq−α
)m2 ∫
Ω
[
να + Φ1|u| + Φ2
][
1+ h2s (u)
]ρq−α dx. (16)
Let us estimate the last integral of (16). Using Young’s inequality,
∫
Ω
(
να + Φ1|u| + Φ2
)[
1+ h2s (u)
]ρq−α dx
∫
Ω
[|u|q−α + Φ
q−α
q−α −1
1 + Φ2 + να
][
1+ h2s (u)
]ρq−α dx = I1 + I2, (17)
where
I1 =
∫
Ω
|u|q−α [1+ h2s (u)]ρq−α dx,
I2 =
∫
Ω
[
φ
q−α
q−α −1
1 + Φ2 + να
][
1+ h2s (u)
]ρq−α dx.
Using Holder’s inequality we get
I1 
(|Ω|) q
+t′−q−α
q+t′
[∫
Ω
|u|q+t′[1+ h2s (u)]ρq+t′ dx
] q−α
q+t′
ω2ρq−α
[
Ts
(
ρq+
)] q−α
q+t′ , (18)
I2 
(∫
Ω
[
να + Φ
q−α
q−α −1
1 + Φ2
]t
dx
) 1
t
(∫
Ω
[
1+ h2s (u)
]ρq−α t′ dx
) 1
t′
 c2ω
(∫
Ω
[
1+ h2s (u)
]ρq+t′
dx
) q−α
q+t′
 c2ω22ρq
−
α
[
T
(
ρq+
)] qα
q+τ ′ , (19)
where c2 = (
∫
Ω
[να + Φ
q−α
q−α −1
1 + Φ2]t dx)
1
t . From (17)–(19) it follows that
∫
Ω
(
να + Φ1|u| + Φ2
)[
1+ h2s (u)
]ρq−α dx c32ρq−α [Ts(ρq+)] q
−
α
q+t′ ,
where c3 depends on ω and c2. This inequality and (16) imply that
(∫
Ω
να
∣∣Dαv∣∣q−α dx
) q˜
q−α  c52ρq˜(1+ ρ)(m2+1)q˜
[
T
(
ρq+
)]θ
, (20)
where c5 depends on c˜1, m1, q−α , ω, c2. From Hypothesis 2.1 it follows
(∫
Ω
|v|q˜ dx
) 1
q˜
 c˜
∑
|α|=1
(∫
Ω
να
∣∣Dαv∣∣q−α dx
) 1
q−α
then ∫
Ω
|v|q˜ dx nc52ρq˜(1+ r)(m2+1)q˜
[
T
(
r
θ
− 1
2
(
q+ − q
+
θ
))]θ
.
Setting
d = 1′
(
q˜ − q+t′), d1 = 1
(
q+ − q
+)
2t 2 θ
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r0 = d, r j = θ jd + θ
j − 1
θ − 1 θd1,
we get
T (r j) c6(1+ r j)(m2+1)q˜
[
T (r j−1)
]θ
.
Hence, noting that r j  [r0 + d1 θθ−1 ]θ j , we get
T (r j) c7θ jc8
[
T (r j−1)
]θ
, (21)
where c8 = (m2 + 1)q˜ and c7 depends on n, c˜, c˜1, q+ , q−α , q˜, t , m1, ω, c2.
Iterating (21) we get
T (r j) c1+θ+···+θ
j
7 θ
c8( j+( j−1)θ+···+θ j−1)[T (r0)]θ j . (22)
Let us observe that
(
j + ( j − 1)θ + · · · + θ j−1)= [θ(1+ θ + · · · + θ j−1)− j] 1
θ − 1 
θ
θ − 1
θ j − 1
θ − 1 
θ j+1
(θ − 1)2 , (23)
then
T (r j)
[
c9T (r0)
]θ j
(24)
where c9 = c
θ
θ−1
7 θ
c8θ
(θ−1)2 . Due to the properties of functions hs ,∫
{|u|>1}
|u|q+t′[1+ h2s (u)]r0t′ dx
∫
{|u|>1}
|u|q+t′(5|u|2)r0t′ dx = 5r0t′
∫
{|u|>1}
|u|q˜ dx
so
Ts(r0)ω + 22r0t′ ‖u‖q˜  2q˜
(
ω + ‖u‖q˜
)
. (25)
From (24), (25), we get∫
Ω
|u|q+t′[1+ h2s (u)]r jt′ dx cθ j102r jt′ ,
where c10 depends on n, c˜, c˜1, q+ , q−α , q˜, t , m1, ω, c2, ‖u‖q˜.
Since hs(u) → u as s → ∞, by Fatou’s Lemma we obtain∫
Ω
|u|q+t′[1+ |u|2]r jt′ dx cθ j102r jt′ ,
then ∫
Ω
|u|q+t′+2r jt′ dx cθ j102r jτ
′ ∀ j ∈ N. (26)
Let us set ∀ j ∈ N
ρ j = 2r jt′ + q+t′,
and let us observe that
cθ
j
102
r jτ
′ 
[
c
1
q˜−q+t′
10 2
]ρ j
,
then from (26) we get∫
Ω
|u|ρ j dx Mρ j0 ∀ j ∈ N,
where M0 = 2c
1
q˜−t′q+
10 . Then the lemma is proved. 
P. Cianci / J. Math. Anal. Appl. 364 (2010) 395–403 4014. Main result
We shall use the following notations: Λ is the set of all multi-index α such that |α| = 1 or |α| = 2; Rn,2 is the space of
all sets ξ = {ξα: α ∈ Λ} of real numbers; if u ∈ W 1,q(x)2,p(x)(ν,μ,Ω), then ∇2u = {Dαu: α ∈ Λ}.
Now let c1, c2 > 0, and let, for every ξ ∈ Rn,2 the next inequalities hold:
∑
|α|=1
[
να(x)
]− 1qα(x)−1 ∣∣Aα(x, ξ)∣∣ qα(x)qα(x)−1 + ∑
|α|=2
[
μα(x)
]− 1pα(x)−1 ∣∣Aα(x, ξ)∣∣ pα(x)pα(x)−1
 c1
{ ∑
|α|=1
να(x)|ξα |qα(x) +
∑
|α|=2
μα(x)|ξα |pα(x)
}
, (27)
∑
α∈Λ
Aα(x, ξ)ξα  c2
{ ∑
|α|=1
να(x)|ξ |qα(x) +
∑
|α|=2
μα(x)|ξα |pα(x)
}
. (28)
Let A : W 1,q(x)2,p(x)(ν,μ,Ω) → (W 1,q(x)2,p(x)(ν,μ,Ω))∗ be the operator such that for every u, v ∈ W 1,q(x)2,p(x)(ν,μ,Ω),
〈Au, v〉 =
∫
Ω
∑
α∈Λ
Aα(x,∇2u)Dαv dx.
Let t˜ be a number such that
t˜ >
q−q˜
(q− − 1)(q˜ − q+) (29)
and let f ∈ Lt˜(Ω), where q˜ is the exponent from Hypothesis 2.1.
Deﬁne F ∈ (W˚ 1,q(x)2,p(x)(ν,μ,Ω))∗ by
〈F , v〉 =
∫
Ω
f v dx ∀v ∈ W˚ 1,q(x)2,p(x)(ν,μ,Ω).
Theorem 4.1. Let Hypothesis 2.1 and Hypothesis 2.2 be satisﬁed and let, ∀|α| = 1, να ∈ Lt(Ω) with t > q˜q˜−q+ . Let u ∈
W˚ 1,q(x)2,p(x)(ν,μ,Ω) be a function such that
Au = F . (30)
Then
ess sup
Ω
|u| M,
where positive constant M depends only on n, q−α , q+ , q˜, pα , t, t˜ , c, c˜, c˜1 , c˜2 , c1, c2 , meas Ω , ‖u‖Lq˜(Ω) , ‖ f ‖t˜ .
Proof. We shall denote by ci , i = 1,2, . . . , positive constants that depend only on n, qα , q˜, pα , t , t˜ , c, c˜, c˜1, c˜2, c1, c2,
meas Ω , ‖u‖Lq˜(Ω) , ‖ f ‖t˜ .
Let us ﬁx arbitrary s ∈ N, and r > 0. Deﬁne
ϕ = u[1+ h2s (u)]r
and
ψ = [1+ h2s (u)]r + 2r[1+ h2s (u)]r−1hs(u)h′s(u)u.
By Lemma 3.1 we have ϕ ∈ W˚ 1,q(x)2,p(x)(ν,μ,Ω). Then by (30)
〈Au,ϕ〉 = 〈F ,ϕ〉,
then ∫
Ω
{∑
α∈Λ
Aα(x,∇2u)
[
ψDαu + Dαϕ − ψDαu]
}
dx =
∫
Ω
f ϕ dx.
From the last inequality, taking into account the ﬁrst assertion of Lemma 3.1 we deduce that
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Ω
{∑
α∈Λ
Aα(x,∇2u)Dαu
}
ψ dx
∫
Ω
f ϕ dx+
∫
Ω
{ ∑
|α|=2
∣∣Aα(x,∇2u)∣∣∣∣Dαϕ − ψDαu∣∣
}
dx. (31)
Note that due to (6) ψ  0 in Ω , then due to (28)∫
Ω
{∑
α∈Λ
Aα(x,∇2u)Dαu
}
ψ dx c2
∫
Ω
ψ
{ ∑
|α|=1
να
∣∣Dαu∣∣qα(x) + ∑
|α|=2
μα
∣∣Dαu∣∣pα(x)
}
dx. (32)
Deﬁning
I =
∫
Ω
{ ∑
|α|=1
να
∣∣Dαu∣∣qα + ∑
|α|=2
μα
∣∣Dαu∣∣pα
}[
1+ h2s (u)
]r
dx,
from (31) and (32) it follows
c2 I 
∫
Ω
f ϕ dx+
∫
Ω
{ ∑
|α|=2
∣∣Aα(x,∇2u)∣∣∣∣Dαϕ − ψDαu∣∣
}
dx. (33)
Let us estimate the second integral on the right-hand side of (33). We ﬁx an arbitrary multi-index α, |α| = 2, and let β ,
γ be multi-indexes such that |β| = |γ | = 1 and β + γ = α. By Lemma 3.1 we get∣∣Dαϕ − ψDαu∣∣ 6c˜22(r + 1)2[1+ h2s (u)]r∣∣Dβu∣∣∣∣Dγ u∣∣ a.e. in Ω. (34)
Let us set
ρβ+γ (x) = qβ(x)qγ (x)pβ+γ (x)
qβ(x)qγ (x) − pβ+γ (x)(qγ (x) + qβ(x)) , (35)
ρ+β+γ =
p+γ+βq+γ q
+
β
q−β q
−
γ − p+γ+β(q+γ + q+β )
, ρ˜ = max|χ |=|η|=1ρ
+
χ+η
and let us take  ∈ (0,1). Using (34), (35), Hypothesis 2.2, and Young’s inequality we obtain
∣∣Aα(x,∇2u)∣∣∣∣Dαϕ − ψDαu∣∣

{{
μ
− 1pα(x)−1
α
∣∣Aα(x,∇2u)∣∣ pα(x)pα(x)−1 + νβ ∣∣Dβu∣∣qβ (x) + νγ ∣∣Dγ u∣∣qγ (x)}+ 1−ρβ+γ (x)(6cc˜22)ρ˜ (1+ r)2ρ˜
}
× [1+ h2s (u)]r a.e. in Ω. (36)
Using (27) and (36),∫
Ω
∣∣Aα(x,∇2u)∣∣∣∣Dαϕ − ψDαu∣∣dx (c1 + 2) I + −ρ˜(6cc˜22 + 1)ρ˜ (r + 1)2ρ˜
∫
Ω
[
1+ h2s (u)
]r
dx, (37)
hence summing over α, |α| = 2, we get∫
Ω
{∑
|α|=2
∣∣Aα(x,∇2u)∣∣∣∣Dαϕ − ψDαu∣∣
}
dx n2(c1 + 2) I + −ρ˜n2
(
6cc˜22 + 1
)ρ˜
(1+ r)2ρ˜
∫
Ω
[
1+ h2s (u)
]r
dx. (38)
Setting, in (38),
 = c2
2(c1 + 2)n2(c2 + 1) ,
by (33) we obtain
I  2
c2
∫
Ω
f ϕ dx+ c3(1+ r)2m
∫
Ω
[
1+ h2s (u)
]r
dx. (39)
Therefore, from Lemma 3.2 we deduce that
ess sup
Ω
|u| M
where the positive constant M depends only on the parameters indicated in the beginning of the proof, so the theorem is
proved. 
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